MATH 321 Manifold(sI]a:l)nd Differential Forms

Homework 9 Solution

Due November 15, 3:00 p.m.

6.4 (2 points) Solution: g = log||x||. O

6.8 (6 points) Solution: A good way to do this problem is just observing the
graphs of the parameterized curves, probably with the help of Mathematica.
The widing numbers are 1, 0, 1 and 2, respetively. The following are the
graphs of two of them. O

321 f.eps

Figure 1: Graph of the curve c(t) = (cos®t,sin®¢), where ¢ € [0, 27).

Figure 2: Graph of the curve ¢(t) = ((2cost+1)cost —1/2,(2cost+ 1)sint),
where t € [0, 27).

8.3 (4 points) Proof: Consider pu(u 4+ v,u + v) = 0. Expand the LHS
by bilinearity, we get LHS= p(u,u + v) + p(v,u +v) = [p(u, u) + plu,v)] +
(v, u) + p(v,v)] = plu,v) + p(v,u). For general case, the condition should
be formulated in the following way: p(uy,ug,...,u,) = 0 if for some 1 #
Js u; = u;. Then, by the multilinearity and same reasoning, we can show
P, g,y .oy ty) = sign(o) (o), Ue(2)s - - - Uas(n)). For example, let us show
plur, vz, .o un) = —p(ug, U, ..., u,), we only need to expand the LHS of the
equation p(uy + ug, ug + ug, uz, ..., uy) = 0. O



8.5 (5 points) Proof: Let’s assume x = (ay, az, a3)’, y = (b1, by,b3)T. Then

x"AyT = (a1, aq,a3) A (b, bz, bs)

= (Z a;dx;) A (Z bidz;)

= (Glbg — Clzbl)dl’ldll’}z + (azbg — agbz)dl’zdl’:g + (Cllb3 — Cl3b1)d(1?1dl’3

a1 b1 42) a1 b1

= dl’ldll’}z + 2 d.l'zdl’:g + d(L’ldl’g
az by asz bs asz bs
So,
T Ty _ | &1 by az by as bs
*(X A Yy ) = as b2 d.fl}3 + 5 b3 dll?l + ay bl d[l?z
This corresponds exactly to x X y. O

8.9 (3 points) Proof:

L* (M) (v1,v9) = Au(Lvq, Log)
)\(Lvl) )\(L’Uz)
= det
‘ ‘M(L’Ul) p(Lvs)
—det L*)\(Ul) L*)\(’Uz)
a L*p(Loy)  L*p(Lvsy)
= L*AL"u(vy,vq)




