SOME PROBLEMS FOR MATH 6490 [ANSWERS]

The most up to date version of this document can be found at
http://www.math.cornell.edu/~zywina/courses/6490/ansl.pdf
Throughout we will consider algebraic groups and Lie algebras over a general field k unless otherwise
specified.
(1) Fix a matrix S € M, (k).
(a) Show that the equation A’'SA = S defines a linear algebraic subgroup G of GL, defined
over k. Describe G when Sis ($9), (9 75), (54) and (3 9).

For any k-algebra R, we need to show that G(R) is a subgroup of GL,(R). We clearly have
I € G(R), so it suffices to show that AB € G(R) for any A,B € G(R). For A,B € G(R), we
have

(AB)'S(AB) = B'(A'SA)B =B'SB =3,

so AB € G(R). This proves that G is a linear algebraic group.

e When S =0, A'SA = S always holds so G = GL,.

o Take S = (9 73'). With A= (9?%), a computation shows that A'SA = det(A) - S.
Therefore, G = SL,. [Note that this, by definition, is also Sp,.]

e Take S = (g (1)) With A= (‘C‘ S), a computation shows that A"'SA—S = (gg a%gl ) So
G is given by the equations ac =0, ad =1, bc = 0 and bd = 0. Therefore, G is the

subgroup given by matrices of the form (g a91 .

e With S = I, we have A'A = I which is the orthogonal group O,.

(b) Show that the Lie algebra of G is
g={BeM,(k):B'S+SB =0}.

Given B € M, (k), we have I + ¢B in G(k[¢]) if and only if
(I +¢B)'S(I+¢eB)=S.
Expanding out and using £2 = 0, we obtain the equation S + £(B‘S + SB) = S and hence
B'S+SB=0.
(2) Let A be a k-algebra. A derivation of A is a k-linear map D: A — A that satisfies
D(ab) =aD(b)+ D(a)b

forall a,b € A.
(a) Show that the set Dery(A) of k-linear derivations of A is a Lie algebra where we use the
usual function addition and the pairing

[D,D']=DoD’—D’oD.

(As a prototypical example observe that with k = R, differentiation gives a derivation on
the ring C°°(R) of smooth functions on R.)
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(b)

Proof omitted. It is hopefully straightforward (but boring).

Now consider a Lie algebra g over k; it is a (non-commutative) k-algebra with multipli-
cation given by the bracket. Show that the map ad(x): g — g given by y — [x,y]is a
derivation of g. Show that ad gives a homomorphism of Lie algebras g — Der(g).

That ad: g — Dery(g) is k-linear is clear since [, ] is bilinear. We need only check that ad
preserve the Lie brackets. Take any x, y,z € g. We have

[ad(x),ad(y)](z) = (ad(x) o ad(y) —ad(y) o ad(x))(z)
= [X> [y,Z]] - [.)’: [X,Z]]
=[x, [y,z]]1+ [y, [z, x]];

by the Jacobi identity this equals —[z,[x,y]] = [[x,y],2] = ad([x, y])(z). Therefore,
ad([x, y]) =[ad(x),ad(y)].

(3) Let g be a Lie algebra over k. The center of gis Z(g) ={x €g|[x,y]=0 forall y € g}.

@
(b)

(o)

D

Show that Z(g) is an ideal of g.
Prove that g/Z(g) is isomorphic to a subalgebra of some gl,,.
(Hint: consider the adjoint homomorphism ad: g — gl(g) = End;(g).)

Let

ad: g — gl(g)
be the adjoint homomorphism; it is a homomorphism of Lie algebras. For a fixed x € g,
ad(x): g — g is the homomorphism y — [x, y]. We thus have ad(x) = 0 if and only if
x € Z(g). Therefore, ker(ad) = Z(g) and hence Z(g) is an ideal of g. The map ad thus
induces an injective homomorphism g/Z(g) — gl(g). In particular, g/Z(g) is isomorphic
to gl,, (k) where n is the dimension of g over k.

Find the center of gl (k).

We may assume that n > 2 (gl,(k) = k is commutative and is hence its own center). The
center of gl,(k) consists of the matrices B € M, (k) such that [B,A] = 0 for all A € M, (k);
equivalently, B commutes with all matrices in M,,(k).

Fix a matrix B € Z(gl,(k)). Take any distinct a, 8 € {1,...,n} and let E € M, (k) be the
matrix that satisfies E; ; = 8; ,6; 5. We have EB —BE = 0 by assumption on B, so

0=(EB—BE)q; = Y EqiBrj— 2 BuiEij=Bp,;—Bauubp-
k k

For any j € {1,...,n} —{B}, we have 0 = Bg ; —0 = By ;. Therefore, B; ; = 0 when i # j
and hence B is diagonal.

For j = 3, we have 0 = Bg g — B, 4. Since a, 3 € {1,...,n} were arbitrary and distinct, we
find that By ; =By 5 =+ =B p,.

We have shown that B is a scalar matrix. Conversely, every scalar matrix lies in the center
of gl,(k). Therefore, the center of gl, (k) is kI.

Find the center of s, (k). (The answer will depend on n and the characteristic of k.)

The center of sl;(k) = 0 is 0, so assume that n > 2.
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The same proof as in the last part shows that every matrix in Z(gl,,(k)) is scalar; note that
the matrices E showing up all had trace 0 since a and 3 were chosen to be distinct.
Therefore, Z(sl,(k)) consists of the scalar matrices in sl,(k). For a € k, we have tr(al,,) =
na. If the characteristic of k does not divide n, then tr(al,,) = 0 if and only if a = 0. If the
characteristic of k divides n, then tr(al,) = na = 0.

Therefore, Z(sl,,(k)) equals 0 if the characteristic of k does not divide n and kI otherwise.

(4) Show that sl,(k) is simple if the characteristic of k is not 2.

Define the matrices

e=(8), h=(5%). £=(20)
they form a basis of sl,(k). One can check that

[eyf] = h: [hae] = 26: [h7f] = _2f)

these computations determine the Lie bracket since it is alternating and bilinear.

Suppose that g is a non-zero ideal of sl,(k). Choose a non-zero element x € g; we have
x =ae+ bh+cf for unique a, b, c € k. We have

[x,e]=b[h,e]+c[f,e] =2be—ch,

and hence [[x,e],e] = —c[h, e] = —2ce. Therefore, —2c - ¢ € g since g is an ideal.

Suppose that ¢ # 0. We then have e € g (this uses that chark # 2). We have h € g since
le,f] = h and hence f € g since [h, f] = —2f. Since g contains e, h and f, we deduce that
g = sly(k).

Now suppose that ¢ =0, i.e., x = ae+ bh. We have [x, f ] =ah—2bf in g since it is an ideal.
If b # 0, then the above case with x replaced by [x, f ] shows that g = s, (k).

It remains to consider the case where x = ae with a # 0. We have [x, f ] = ah in g since it is
an ideal. The previous case then shows that g = sl,(k).

[ The Lie algebra sl, (k) is not simple when k has characteristic 2. Indeed in the previous exercise
we saw that the center of sl,(k) is a non-trivial ideal. ]

(5) Let g be a Lie algebra over k. The derived algebra of g is the k-subspace of g generated by
{[x,y]: x,y € g}; we will denote it by [g, g] or Zg.
(a) Prove that [g, g] is an ideal of g and that the quotient g/[g, g] is commutative.

We first show that 2g is an ideal. Since Zg is a k-subspace of g, it suffices to show that
[x,y] € 2g for any x € g and y € 2g. This is clear; [x, y] € 2g for any x,y € g.

For any x,y € g, we have [x + Zg,y + 2g] = [x,y]+ 29 = 9g. This shows that g/%g is
commutative.

(b) Show that [g, g] is the smallest ideal a of g for which g/a is commutative.
Let a be an ideal of g for which g/a is commutative. For any x,y € g, we have [x,y] € a
(otherwise their cosets x and y in g/a would satisfy [x, y] # 0). Since a is a vector space
over k containing all [x, y] with x, y € g, we thus have a 2 2¢. This and the previous part

shows that 2¢g has the desired property.
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©)

(7)

(8)

Define 92°g = g and 2"g = 2(2" 'g) for n > 1 (in particular, 2'g = 2g). We say that g is
solvable if 2™"g = 0 for n sufficiently large.
(a) Let b, be the Lie subalgebra of gl,,(k) consisting of upper triangular matrices. Prove that
b, is solvable.

Let b,,, be the Lie subalgebra consisting of B € gl,,(k) such that B;; = 0if i < j+m. In
particular, hy = b,,.

For B,C € b,, we have [B,C] = BC — CB € h;; equivalently, BC and CB have the same
diagonal elements. Therefore, 2b, = 2, is contained in b;.

Now take any m > 1. For any B, C € b,,, one can check that BC and CB belong to b,,,1
and hence [B,C] € h,,,1. Therefore, 2h,,, C h,41-

By induction, we find that 2"b,, = 2"h, is contained in h, = 0. Therefore, b, is solvable.

(b) Give an example of a Lie algebra that is not solvable.

Consider a simple Lie algebra g; we claim that it is non-solvable. Since 2g is an ideal of g,
we have 9g =0 or 2g =g. If 2g = 0, then g = g/%g is commutative which is ruled out
in the simple assumption. Therefore, 2g = g and hence 2"g = g for all n > 1. This proves
that g is non-solvable.

From an earlier exercise, sl,(C) is simple and hence gives an example.

Show that, up to isomorphism, there is a unique non-commutative Lie algebra g of dimension
2 over k. (Such a g has a basis {x, y} satisfying [x, y] = x.)

Since g is non-commutative, there are v,w € g such that [v,w] # 0. The pair {v,w} is a basis
of the 2-dimensional k-vector space g (if v and w are linearly dependent, then we would have
[v,w] = 0). There are thus a, b € k, not both zero, such that

[v,w]=av+ bw.

Without loss of generality, suppose that a # 0 (otherwise swap v and w). Using that [w,w] =0,
we find that [v + b/a-w,w] = av + bw. Define x = v+ b/a-w and y = a'w; they are linearly
independent. Therefore,

[x,yl=[v+b/a-w,awl=a[v+b/a-w,wl=a Yav+bw)=v+b/a-w=x.

So g has a basis {x, y} with [x, y] = x (the Lie bracket is uniquely determined by this infor-
mation).

Find two linear algebraic groups G; and G, defined over R that are not isomorphic and satisfy
[Hint: construct G; and G, so that |G;(R)| # |G,(R)|.]

First consider the linear algebraic subgroup G; of GL5 given by
. 9 (001
G(R) = {I,A,A’} where A= ((1) 0 8)'

Note that A®> = I and #G(C) = 3.

Now consider the linear algebraic subgroup G, := us of G,, given by the equation a® = 1,
i.e., Go(R) = {a € R* : a® = 1}. The group G,(C) consists of the cube roots of unity in C and
hence has order 3.
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C)

(10)

(11)

The groups G, and G, are not isomorphic (over R) since #G;(R) = 3 and #G,(R) = 1.
Prove that G, and G,,, are not isomorphic linear algebraic groups over k.

It suffices to note that the groups G, (k) = k and G,,(k) = k are not isomorphic. If k has
characteristic 0, then k has no points of finite order except 0 while —1 has order 2 in K. Ifk

has characteristic p > 0, then every element of k has order 1 or p, while k” has no elements of
order p.

Alternatively, one could just note that G, and G,, are not even isomorphic as varieties over
k; it suffices to prove that the k-algebras k[x] and k[x,x '] are not isomorphic.

Suppose that k has characteristic p > 0. For each k-algebra R, define a,(R) ={a €R: a? = 0};
it is a subgroup of G,(R) =R. Show that a, is an algebraic subgroup of G,. What is the group

ap(IZ)? Compute the Lie algebra of a,,.

Let R be any k-algebra. We need to show that a,(R) is a subgroup of G,(R) = R. This is clear
since (a + p)? = a? + b? for a, b €R (this uses that p-1 =0 inR).

If a € k satisfies a? = 0, then a, = 0 since k is a field. Therefore, ap(E) = {0}.

Finally, we compute the Lie algebra g of a,,. The Lie algebra is the kernel of a,(k[¢]) — a, (k)
(where as usual we are setting ¢ = 0). However, a,(k) =0 so g = a,(k[¢]). For a + be € k[e],
we have (a + be)? = aP + bPe? = a. Therefore, g = {be : b € k}. So g = k (and the Lie bracket
is trivial). [If you are used to matrix groups, you can view G, as the subgroup of GL, consisting
of upper triangular matrices with 1 on the diagonal terms. ]

[We have dim;g =1 > 0 = dima, and so the linear algebraic group a,, is not smooth (this
cannot happen in characteristic 0).]

If k has characteristic 0, then show that End(G,) = k, where G, is the additive group defined
over k. Is this true when k has characteristic p > 0?

The coordinate ring of G, is A= k[x].

Take any morphism G, — G, as a variety over k; it corresponds with a k-algebra homomor-
phism ¢ : A — A. The homomorphism ¢ is uniquely determined by the polynomial f := ¢(x).
The morphism G, — G, is given by

Go(R) = G4(R), a— f(a)

for all k-algebras R.

For such a morphism to be a homomorphism of groups, we need to have f(a + b) = f(a) +
f(b) for all a, b € R and all k-algebras R. We thus need the equality f(x +y) = f(x)+ f(y) as
polynomials in k[x, y].

Let cx? be the leading term of f(x). Comparing the degree d terms of f(x + y) and f (x) +

f(y), we find that
d

d\ i d-i d ,d
=c(x®+y9.
53 (g
We have chark = 0, so the only way this can hold is for d to be 0 or 1. We must have f(0) =0
(this follows from f(a + b) = f(a)+ f (b)), so f(x) =0 or f(x) = cx with c € k*.
Conversely, each morphism f.: G, = G,, a — ¢ - a is a homomorphism of algebraic groups.
Therefore, the map k — End(G,), ¢ — f, is an isomorphism of groups.
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(12)

(13)

When chark = p > 0, then the morphism 7: G, — G,, a — a” is a homomorphism of
algebraic groups that is clearly not of the form a — ca. The kernel of 7 is the algebraic group
a,, of the previous section.

One can show that the ring End(G,) of automorphism of the linear algebraic group G, (de-
fined over k) is isomorphic to the “twisted polynomial ring” k[ 7] (the addition law on End(G,)
comes the addition of G, and multiplication is composition of functions). The ring k[7] con-
sists of polynomials in T with coefficients in k and satisfies the commutation law 7-a = a’t (in
particular, it is non-commutative if k # ]Fp).

Show that End(G,,) = Z, where G,, is the multiplicative group defined over k. More explicitly,
show that the only homomorphisms G,, — G,, are of the form g — g" for some integer n.

The coordinate ring of G,, is A := k[x,x']. The morphisms of G,, (as a variety) correspond
with the k-algebra homomorphisms ¢: A — A. Note that such homomorphisms ¢ are deter-
mined by p(x) and ¢(x) € A must be invertible.

Observe that A* = {cx" : ¢ € k*,n € Z}. So every morphism G,, — G,, is given by g — cg"
for some ¢ € k* and n € Z (so G,,(R) = R* —» R* = G,,(R) is given by g — cg" for each
k-algebra R). For a homomorphism of algebraic groups we need 1 to map to 1, so ¢ must be 1.

So a homomorphism G,, — G,,, must be of the form g — g" for some n € Z, and it is easy to
see that each such map is a homomorphism. Therefore, we have an isomorphism Z > End(G,,)
given by n — (g — g").

Observe that T' = {(a, e?) : a € R} is a subgroup of G,(R) x G,,,(R) = RxR*. Is ' the real points
of some linear algebraic subgroup of G, x G,, defined over R?

Suppose that there is a linear algebraic subgroup G of G, xG,, defined over R with G(R) =T.
We have G # G, xG,, since otherwise G(R) = RxR*. Therefore, there is a non-zero polynomial
f € k[x,y] such that f(a,e?) =0 for all a € R.

Let j be the degree of f as a polynomial in y. Let i > O be the largest value for which f
has a non-zero term of the form c - x'y’. By our choice of i and j (and the fact that e? grows
exponentially), we find that f(a,e?) ~ ca'(e?) as a — +o00. In particular, f(a,e®) — 400 or
—o0 as a — +oo. This contradicts that f(a,e*) =0 for all a € R.

[Further remarks (if you know about real Lie groups): Define the matrix

010
A=(000).
001

The k-vector space g = k - A is a Lie subalgebra of gl;(R). We have a homomorphism of real Lie
groups

exp: g = GL3(R), B~ —.

By the way, this map is not algebraic! The image of exp is the real Lie group consisting of
1a0

matrices of the form (8 zll) 0 ) Identifying G, x G,, with a closed subgroup of GL in the apparent
e

way, we find that T" agrees with exp(g). In particular, g is the Lie algebra of T.
Using the above, one can argue that the Lie subalgebra g C gl;(R) does not arise as the Lie
algebra of a linear algebraic subgroup of GL;.]

6



(14) Let G be alinear algebraic group defined over k. Let H be a normal closed subgroup of G. Show
that h = Lie(H) is an ideal in g = Lie(G).

The group H(k[¢]) is a normal subgroup of G(k[e]). The Lie algebra g = Lie(G) is also a
normal subgroup of G(k[¢]); it is the kernel of the homomorphism G(k[e]) — G(k) obtained
by setting ¢ = 0. The intersection H(k[e]) N g is thus normal in g; we are done since this group
equals b (i.e., the kernel of the homomorphism H(k[e]) — H(k) given by ¢ = 0).

(15) For simplicity suppose that k = C. Let G be the linear algebraic subgroup of GL,, consisting of
monomial matrices (i.e., matrices that have exactly one non-zero entry in each row and each
column). What is G°? What is the finite group G/G°?

Let D be the algebraic subgroup of GL, consisting of diagonal matrices; it is isomorphic to
G! and is connected. The group D is contained in G (invertible diagonal matrices are clearly
monomial).

Let H be the (finite) subgroup of GL, consisting of permutation matrices, i.e., monomial
matrices all of whose entries are 0 or 1. Observe that we have a disjoint union

G= ]_[heHhD'

So G° = D and the quotient map H — G/D is an isomorphism.
Observe that the group H is isomorphism to the symmetric group on n letters (it permutes
the standard basis eq,...,e, of C").

[ Using notation from later in the course: The group D of diagonal matrices is a maximal torus
of GL,,. The group G is the normalizer of D in GL,. The finite group G/D is the Weyl group of
GL,. ]

(16) Consider g = R3 with the bilinear pairing g x g — g, (x,y) — Xx x y, where we are taking the
cross product. Show that g, with the pairing, is a Lie algebra isomorphic to so3(R).

The vector space R® has a basis e; = (1,0,0), e, = (0,1,0) and e5 = (0,0, 1). We have
€1 Xey==e3, €3Xe =ey, €yXez3=e.
The Lie algebra so5(R) consists of skew-symmetric matrices in Ms(R). The matrices
010 001 00 0
m=(348) 2=(588) 4=(383)
form a basis of so3(R). One can check that

[A1,A ] =As, [A3,A1]1=4A,, [Ay,A3]=A;.

Let f: R® — s03(R) be the isomorphism of R-vector spaces for which f(e;) = A;. The
cross product on g and Lie bracket on s05(R) are alternating so the above computations show
that f(e; x e;) = [f(e;), f(e;)]. Since both of the pairings are bilinear, we have f(x x y) =
[f(x),f(y)]forall x,y € g. This proves that (R3, x) is isomorphic to the Lie algebra (so5(R), [, ]);
in particular (R3, x) is a Lie algebra.

17)
(a) Show that sl,(R) and so03(R) are not isomorphic. (Hint: One possible approach is to show

that sl,(R) has a Lie subalgebra of dimension 2 while s05(R) does not.)

7



(b)

Let h be the set of matrices of the form (& © ) with a,b € R. One can verify that b is a
2-dimensional subspace of sl,(RR) (it is the Lie algebra of the subgroup of SL, consisting of
upper triangular matrices).

Suppose that s05(RR) has a 2-dimensional Lie subalgebra. By the previous exercise, this im-
plies that (R®, x) has a 2-dimensional Lie subalgebra. There are thus linearly independent
vectors {v,w} of R3 such v x w = av + bw for some a, b € k. However, this is impossible
since one knows that v x w is a non-zero vector that is orthogonal to both v and w.

Show that sl,(C) and so05(C) are isomorphic.

One could play around with matrices and construct an explicit isomorphism. Instead I will
give a more involved proof (which though unmotivated, gives a more satisfactory expla-
nation.)

Recall that V := s[,(C) is the vector space over C of dimension 3 consisting of matrices in
M,(C) with trace 0. We define a symmetric and bilinear pairing

(,):VxV—>C, (AB)— tr(AB).

Let Oy (C) be the group of C-linear automorphism that preserve the pairing (, ). Let
SOy, (C) be the subgroup of Oy, (C) consisting of matrices with determinant 1.

We claim that Oy, (C) is isomorphic to SO5(C). It suffices to observe that the pairing (, )
is symmetric and non-degenerate, so there is an isomorphism V 5 €3 of C-vector spaces
such that the pairing matches the pairing (a, b) — a;b; + asby +asb; =a'-1-b on C3.
(Equivalently, one need only know that for any symmetric matrix B € M5(C), there is a
matrix Q such that QBQ" is diagonal with entries 0 and 1; a non-degenerate assumption
on B implies that QBQ" =1.)

The group SL,(C) acts by conjugation on V = sl,(C) and this action preserves the pairing;
this gives a homomorphism

¢: SLy(C) = 0y (C).

The kernel of ¢ is {£I}.
We actually have ¢(SL,(C)) € SOy (C); this can be checked directly or by using continuity.
We thus have a homomorphism

@ : SLy(C) — SOy (C) = S0O4(C)
whose kernel is {#I}. By dimension and connectedness considerations, one can show that
 is surjective.

Of course the homomorphism arises from a map SL, — SOj; of linear algebraic groups
defined over C. Taking Lie algebras we obtain a homomorphism

dy: sl,(C) — s05(C).
It is an isomorphism of Lie algebras since ¢ is surjective with finite kernel. (Alternatively,

one need only show that d¢ is non-trivial since sl,(C) is simple and sl,(C) and so5(C)
have the same dimension.)



